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Differential Operators in Various Coordinates
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Differential Operators in Polar Coordinates

» Polar Coordinates

» r=rcosf, y=rsind
» =24+ y% tanf=1Y
» Differential relations

P Bn g ana -, 2 2
Gl oz fi-z -
0%0  0%0 a0 or 00 Or
> w—i-@—y?:O, and %87584_@%:0
» Differential operators

ou __ Ou _ sinf du ou __ ou cos 6 Ju
> 87—008087" . 8‘9,and 8yfsm0674+

@ @_8% 10u 1 9%u

92 "8 a2 T ror 20
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Laplacian in Various Coordinates

» Polar Coordinates
» (r,0): x =rcosf, y =rsinf
> v2u:@+1%+i@
or?2  ror  r?206?
» Cylindrical Coordinates
» (p,b,2) : x =pcosd, y=psing, z =z
> Viu=—— <p8u> +i@+@
pOp \" Op p2 092 022
» Spherical Coordinates
» (r,0,¢0) : x =rcos¢sinb, y = rsin¢sinf, z = rcosf

—— |5 |+ L 9 Sin@a—u +;@
r2 Or or r2sin 6 90 00 r2sin? § O¢?

Boundary Value Problems in Cylindrical Coordinates



Laplace Equation on Cylindrical Coordinates

Laplace Equation on Cylindrical
Coordinates
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Dirichlet Problems on a Disk or inside Inf Cylinder

A Dirichlet's problem inside a Disk or Infinite Cylinder
» Variables u(p, ¢, z) = u(r, ¢).
» PDE

u 10u 1 0%u

2, _
Viu= 8T2+T 67“+r2 0¢?

=0,0<r<L,0<¢<2nm.
» Periodic Boundary Conditions

» u(r,d) =u(r,o+2m), 0<r<L,0<¢<2m

> u(L,¢) = f(¢), 0<¢<2m

» Regularity Conditions: |u] is finite in 0 < r < L.
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Dirichlet Problems on a Disk or inside Inf Cylinder

» Separation of variables
u(r,6) = RVBO) —> o+~ =~ =
» Sturm-Liouville Eq. associated to ® is Harmonic Eq.
" + NP =0, 0 < ¢ < 2m,
®(0) = ¢(27),
d'(0) = '(27).
» Eigenvalue and eigenfunction for the Sturm-Liouville Eq.

Ay = n5n=0,1,2,...

) Ay cosng + Bysinng, n=1,2,....
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Dirichlet Problems on a Disk or inside Inf Cylinder

» ODE associated to R is a Euler Equation
PR'+rR —AR=0, 0<r<L.
R(r) = Co+ Dylnr for A = 0;
Cpr™+ Dpr=™, for A, #0,n=1,2,....

» Regularity condition: |u/| is finite in 0 < r < L requires
that Dy = D,, =0, because Inr — —oco and r™" — 0
asr — 0.

» A general solution 0 <r < Land 0 < ¢ <27 is

u(r, ) = %4—2(%7‘" cosng+b,r"sinng), n=1,2,...
n=1
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Dirichlet Problems on a Disk or inside Inf Cylinder

» Coefficients

1

a0 =5 f(¢) do

1 2

f(¢) cosngdo

> a/nLn - %
0

1

2
s ol = o | @) sinngdg

» A complex form of the general solution is

oo
> u(r,¢) = Z cnr!™e™ 0 <r < L,0< ¢ < 2.

n=—0oo

1 [ .
> ol = 27r/ f(p)e ™ dp, n=0+1,42,...
0
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Neumann Problems on a Disk or inside Inf Cylinder

A Neumann's problem on a Disk or inside Infinite Cylinder
» Variables u(p, ¢, z) = u(r, ¢).
» PDE

u 10u 1 0%u

2, _
Viu= 8T2+T 67“+r2 0¢?

=0,0<r<L,0<¢<2nm.
» Periodic Boundary Conditions

> u(r ¢)=u(r,p+2mr), 0<r>1L0<¢<2m

> GH(L,¢) = f(¢), 0<¢<2m

» Regularity Conditions: |u] is finite in 0 < r < L.
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Neumann Problems on a Disk or inside Inf Cylinder

» General solution
u(r, @) = — —1—2 a,r" cosng + b,r" sinne)

» Boundary condltlon

? = Z (annL™ " cosng + b,nL™ " sinng) = f(6)
r r=L n=1
» Coefficients

1 2

om
1

2 Jo
2
» Note that the B.C. must satisfies / f(¢)dp =0
0

> a,nl" ! =

f(¢) cosng dg

» bynl" =

f (¢) sinng do
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Dirichlet Problems outside a Disk or Inf. Cylinder

A Dirichlet’s problem outside a Disk or Infinite Cylinder
» Variables u(p, ¢, z) = u(r, ¢).
» PDE

0*u  10u 1 0%u

2 _
vu_8r2+rar+r20¢2

0,r>1L,0< ¢ < 2m.
» Periodic Boundary Conditions
» u(r,¢) =u(r,o+2m), r>L 0<¢<2m
> u(L,¢) = f(¢), 0<¢<2m
» Regularity Conditions w and [, |u| dr is finite for r > L
and u — 0 as r — o0.
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Dirichlet Problems outside a Disk or Inf. Cylinder

» Similar to the Laplace equation inside a disk:
» Eigenvalue: A=n%,n=0,1,2,...
» Eigenfunction:
Ba(6) = {1\ o
Apcosng+ Bysinng, n=1,2,....
» Solution for Euler Eq:
R(r) — Co+ Dglnr for A =0;
(r) = Cpr™ + Dpr™™, for A\, #0,n=1,2,...,
and Dy = C,, = 0 as R(r) must be finite when r — oc.

» General solution
(o0}

u(r, ¢) = % + Z(%T—" cos ng + b,r " sinng)
n=0
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Neumann Problems outside a Disk or Inf Cylinder

A Neumann's problem outside a Disk or Infinite Cylinder
» Variables u(p, ¢, z) = u(r, ¢).
» PDE

0*u  10u 1 0%u

2 _
vu_8r2+rar+r20¢2

0,r>1L,0< ¢ < 2m.
» Periodic Boundary Conditions
> u(r o) =u(r,¢p+2m), r>L0<¢<2m;
> W(Laqﬁ):f(ﬂs)v 0<¢<2m
» Regularity Conditions w and [, |u| dr is finite for r > L
and u — 0 as r — o0.
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Neumann Problem outside a Disk or Inf Cylinder

» General solution
= — + Z a,r " cosng + b,r " sinng)

» Boundary condltlon

au - —n—1 —n—1 _:
o . = ; (—annL cosng — b,nL sinng) = f(¢)

» Coefficients

2T
» —a,nL "l = ;ﬁ f($) cosneo de
R —bnnL_"_lzi [ (@) sinng do

2m
» Note that the B.C. must satisfies / f(¢)dp =0
0
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Dirichlet Problem on a Ring

A Dirichlet’s problem on a ring
» Variables u(p, ¢, z) = u(r, ¢).

» PDE + B.C.

d*u  10u 1 0%
— 4+ 4+ —— _ =0.A<r<B.0< o< 2.
g 8r2+r8r+r28¢2 ’ " 0= "

» u(r,¢) =u(r,op+2m), A<r<B,0<¢<2m,
> u(A, ¢) = fa(9), w(B,d) = fp(¢), 0<¢<2m
» General solution
u(r, @) = ag+ bolnr +

o0

Z {(anr™ + br™") cosne + (apr™ + byr ") sinng}
n=1
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Robin’s Problem on a Wedge

A Robin’s problem on a wedge
» Variables u(p, ¢, z) = u(r, ¢).
» PDE + B.C.. ) )
» Vi = granigan;gq:;:O, 0<r<L, 0<¢<a.
» u(r,0) =u(r,a) =0, 0<r<1L;
g %u(L,gé):—u(L ¢)—¢, 0<¢<a.

» Solution u(r, ¢) = Zb ra sin —¢ where

n=1

202 (—1)"
nrL(a + n)

n —
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Bessel Functions

Bessel's functions have wide application in mathematics,
especially when dealing with cylindrical symmetry or cylindrical
coordinate systems.

Definition (Bessel's functions & Bessel’s equation)

Bessel's functions J, or Y, are solutions to the Bessel's
equation of order v

22y + ay' + (2* — )y = 0. (1)
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Bessel Functions

» If we seek a series solution about z = 0 for the Bessel's
equation, then

y(z) = Z an ™", a, =0 forn <0,

n=—oo

as x = 0 is a regular singular point.
» Substitute into the Bessel's equation, we obtain
» Indicial equation 7> — 12 =0, = r =+v
» r1 —ro = 2v, and if 2v is integer, we need to find
another linearly independent series solution
» Recurrence relation: a; = 0, and
n(n £ 2v)a, = —ap—9, n > 2.
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Bessel Functions

If 2v is not an integer,

» two linearly independent solutions for Eq.(1)are

v 22 zt
> yi(z) == [1 ICE=) + 2(4)(2+2v)(4+2v) + .- }
v 22 zt
> o) == [1 ~ - T sme—2na=2) T - }
» After normalizing the solutions, we obtain

» the general solution to the Bessel's equation
y(x) = c1Jy () + caJ_, (), where

> J,(x) x yi(); and

> J_y(x) o ya(a); and

» J,(x) is called the Bessel’s functions of the first kind.
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Bessel Functions

Definition (Bessel's functions of the first kind)
The Bessel's function of the first kind of order v is defined as
G O
Mlz) = Z nl(n + v)!

n=0

= Ge) {1 -

v+1 2w+1)(r+2)

Definition (Gamma/factorial function)
For v is not an integer, /! is defined as

VI=Tv+1)= / tVe " dt.
0
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Bessel Functions

If 2v is an integer, and
» v =N + 1, for some integer N > 0,
» the resulting functions are called spherical Bessel's
functions

in(@) = (7/22) 2 Ty 11 2(2)
(We will come back to speherical Bessel's function later)

v

v

» v = N, for some integer N > 0,

In(x) = (=1)NJn(z) is linearly dependent to Jy(x);

a linearly independent second solution is Yy (z) and it is
called the Bessel’s function of the second kind; now
the general solution of Eq.(1) is

y(z) = ecrdn(x) + 2 Yn ().

v

v

v
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Bessel Functions

Definition (Bessel's functions of the second kind)
The Bessel's function of the second kind of order v is defined

» Jy(x) cos(mv) — J,,,(x)‘

sin(7v)

Y, (z) =
If v = N, for some integer N > 0, then

Yn(z) = Vh_% Y, ().
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Bessel Functions

» A variation of Bessel's equation of order v is of the form,
22y + xy + (N2 -1y =0 (2)

» Eq.(2) can be converted to the standard Bessel's
Equation by defining new variable ¢t = Ax.

» The general solution is

y(x) = a1, (M) + oY, (A\x).
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Bessel Functions

A modified Bessel’s Equation is of the form
2ty +ay — (2 + 1)y = 0. (3)
The general solution to modified Bessel's equation is
y(x) = ad,(iz) + Y, (ix); or
y(x) = gl (x)+ oK, ().
Definition (Modified Bessel's functions)
o (z)v2n

> First kind I,(z) = i™"J, (iz) = »  —2

— nl(n + V)!;

I, —1,
» Second kind K, (z) = lim () cosrm (fv)'
r—v S rmw
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Bessel Functions

A variation of modified Bessel's Equation is of the form
2?y" +ay’ — (Na® + %)y =0, (4)
with the general solution

y(r) = o], (Az) + co K, (Ax).
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Bessel Functions

-1

=2

Figure: Bessel's functions of the Figure: Bessel's functions of the
first kind, J,,(z). second kind, Y,,(z).
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Bessel Functions

In(x)

19
I,
I
1
14
X
2 4 &

Figure: Modified Bessel's
functions of the first kind, I,,(z).

wn

-

Figure: Modified Bessel’s
functions of the second kind,
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Bessel Functions

Another representation of the Bessel's functions for integer
values of ¥ = N is in the integral form

1 ™
» Jy(z) = %/ cos(NT — xsinT) dr
0

1 ™
» Yy(x) = ;/ sin(xsint — N7)dr —
0
1 [~ ‘
_/ |:€NT =+ (_1)N€—N7'j| e—xsmh‘r dr
T Jo
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Bessel Functions

Also the Bessel's functions could be generated from the
generating function

, (r/2t1/t_ZJ

n=—oo
o0

> eizcos¢: Z Zan<Z)€zn¢

n=—oo
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Bessel Functions

Recursion relations of Bessel's functions

d 12 _ 1%
> %[5’3 J, ()] = 2" J,_1(x)
d —v —
> ™ (@)] = =2 s (@)
> ua(w) + Jua(e) = 2 ()
> Ty (x) = Jya(x) = 2. ()
> (@) = == Ty @) + Ja(@) = ZJ(2) = Ty (a)

Y. K. Goh
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Bessel Functions

Orthogonality properties of Bessel's functions:

» If @ and [ are two roots of J,, then

/1a:J,,(a$)J,,(ﬁx)dx = %T’ﬁJfﬂ(a)
0

da
= T’ﬁjf(a)

» Thus, the generalized Fourier series in terms of .J, is

ch y , and where the coefficient is given

zf(x)Jy(Anz)dz 1
by ¢, = f(’f;wgw) = J3+12(An) Jy xf(2)J, (M) da.

Y. K. Goh
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The Vibrating Drumhead (Radial Symmetric 1.C.)

The vibrating of a thin circular membrane with uniform density
with radial symmetric initial conditions is given by
0%u OPu  10u
» PDE: — =% = + ——
o~ ¢ (67"2 * r or

» B.C.: u(l,t) =0, t>0;
» 1.C.o u(r,0) = f(r), %(r, 0)=g(r), 0<r<t.

» The initial conditions are said to be radial symmetric as
f and g are depend only on 7 but not ¢.

), O<r<i t>0.

Y. K. Goh
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The Vibrating Drumhead (Radial Symmetric 1.C.)

» Separation of variables:
T 1
= T
u(r,t) = R(r)T(t) = TR
» The ODEs and corresponding B.C.

—(R'+ = R’) —A%,

rR'+R +XrR = 0, R({)=0 (5)
T+ 3NT = 0 (6)

» Solutions to ODEs R(r) = ¢1Jo(Ar) + Yo(Ar)
» Since u is bounded near r = 0, this gives ¢y = 0;
» B.C. R({) =0 = Jo(N) =0;
» Let ap, n=1,2,... be the roots of Jy, then
A=Ap =P, n= 1 2,.

Y. K. Goh
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The Vibrating Drumhead (Radial Symmetric 1.C.)

» Non-trivial solutions to the ODEs
Ra(r) = JoOr) = Jo (%r) n=12,...,
T,(t) = A,coscAyt+ Bysinch,t

» General solution and coefficients

u(r,t) = Z(A” oS At + By sincAyt)Jo (Anr) ,
n=1
A, = €2J2 / f(r)Jo(Apr)rdr,

9 ¢
B, = —0— .
cA\B,, €2J12(04n)/0 g(r)Jo(Apr)rdr
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The Vibrating Drumhead (Asymmetric |.C.)

The vibrating of a thin circular membrane with uniform density
with asymmetric initial conditions is given by
0u Pu  10u 1 0%u
» PDE: — ==+ -+ 5=
o~ ¢ (8r2+7“8r+7“28¢2)’
O0<r<l,0<¢<2m t>0.

» B.C:u(l,0,t) =0, 0<¢<2m, t>0;

0
» I.C.o u(r,¢,0) = f(r, ), a—?;(raﬂs,()) = g(r, 9),
0<r</t,0<¢<?2m.

» The initial conditions are said to be asymmetric as f
and ¢ are depend on r and ¢.

Y. K. Goh
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The Vibrating Drumhead (Asymmetric |.C.)
R(r)®(¢)T(t) =

» Separation of variables: u(r, ¢,t) =
TR L g
r?R'+r R+ 2R _ <1>” — 2
R = =K
» The ODEs and corresponding B.C.
Q" + 120 =0, @(0) = ®(27),d'(0) = &'(27)
PR’ +rR + (\r? =) R=0, R(()=0
T+ NT =0
= 2o and ay,,, IS T

th yoot of J,,,.

» Solutions to ODEs A, = #%
=0,1,2,...

O(¢) = D, (¢) = Ay cosmeo + By, sinme, m

R(r) = Rpn(1) = Jn(Apnt), m
T(t) = Tmn(t) =

=0,1,2,...,n=1,2,...

A €08 CA\pnt + B SIN CA\ it

Y. K. Goh
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The Vibrating Drumhead (Asymmetric |.C.)

General solution u(r, ¢, t) and coefficients

u = Z Z T (AmnT) (@ €OS M + by SIN D) COS At

m=0 n=1

+ Z Z I (Amar) (@, cosmeo + b, sin mae) sin cAp,,t

m=0 n=1

1 l 27
Qon = m// f(T',Qﬁ)JO()\OnT)TdeCb

Umn = —m Jm+1 - // f(r, @) cosmod,, (Amnr) rdr do

[ — W f(r @) sinmoJy, (Ampr) rdr do
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The Vibrating Drumhead (Asymmetric |.C.)

ay, = 7T€2J1 o) / / @) Jo(Aonr) T dr do
U = m/ / g(r, ®) cos mp S (Anr) 7 dr dg
by, = 2 (o) Jm+1 o) / / @) sin moJy, (Apn 1) 7 dr do

Y. K. Goh
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Heat Flow in the Infinite Cylinder (Radial Sym.)

The radial flow of heat in a infinite cylinder or on a disk with
lateral surface is kept at zero temperature is given by
ou Pu  10u

» PDE: 5202 (er;E
» B.C.: u(l,t) =0, t>0;
» I.C.o u(r,0) = f(r), 0<r</.
» The initial conditions are said to be radial symmetric as

f is depend only on r.

),O<r<£,t>0.
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Heat Flow in the Infinite Cylinder (Radial Sym.)

» Separation of variables:
/
= T
U(T, t) R(r> (t) :> 2T R
» The ODEs and corresponding B.C.

(R” + = R’) —\2

rR'+ R +XrR = 0, R({)=0
T + ANT =

» Solutions to ODEs

Rn<T) = AnJ()()\nT)
T,(t) = Che <

A = a/l,n=1,2,..., «, are roots of Jp.

Y. K. Goh
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Heat Flow in the Infinite Cylinder (Radial Sym.)

» General solution and coefficients

u(r,t) = Z anJo(Anr)e= 0t
n=1
a, = £2J2 /f )Jo(Anr)rdr.

Y. K. Goh
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Heat Flow in a Finite Cylinder

The heat flow in a finite cylinder of radius ¢ and height 2h
with lateral surface and bases are kept at zero temperature is
given by
Ou 5 (0Pu  10u  10%u  Ou
» PDE: E_C (W+;E+ﬁw+ﬁ>’
O<r<l,0<¢p<2m, —h<z<h,t>0.
» B.C.: u(l,¢,2,t) =u(r,,—h,t) = u(r,¢,h,t) =0,

» 1.Co u(r, ¢,2,0) = f(r, ¢, 2).

Y. K. Goh
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Heat Flow in a Finite Cylinder

» Separation of variables: u(r, ¢, z,t) = R(r)®(¢)Z(2)T'(t)
» The general solution

(Apmnk cOSMO + Bopg sinme) }

Y. K. Goh
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